We show that electron-hole correlation can be used to tune interband and intraband optical transition rates in semiconductor nanostructures with at least one weakly confined direction. The valence-to-conduction band transition rate can be enhanced by a factor (L/a B ) N -with L the length of the weakly confined direction, a B the exciton Bohr radius and N the dimensionality of the nanostructure -while the rate of intraband and inter-valence-band transitions can be slowed down by the inverse factor, (a B /L) N . Adding a hitherto underexplored degree of freedom to engineer excitonic transition rates, this size dependence is of interest for various opto-electronic applications. It also offers an interpretation of the superlinear volume scaling of two-photon absorption (TPA) cross-section recently reported for CdSe nanoplatelets, thus laying 1
foundations to obtain unprecedented TPA cross sections, well above those of conventional two-photon absorbers. Further, our concept explains the background of the validity of the universal continuum absorption approach for the determination of particle concentrations via the intrinsic absorption. Potential applications of our approach include low excitation intensity confocal two-photon imaging, two-photon autocorrelation and cross correlation with much higher sensitivity and unprecedented temporal resolution as well as TPA based optical stabilization and optimizing of inter-subband transition rates in quantum cascade lasers.
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Radiative transitions between the valence band (VB) and the conduction band (CB) in semiconductor quantum wells, wires and dots have been thoroughly investigated over the last decades because of their potential for optical and opto-electronic applications. [1] [2] [3] In these structures, the interband radiative rate is sensitive to electron-hole pair (exciton) interaction and quantum confinement. 4 Recent experiments with colloidal nanoplatelets (NPLs) 5, 6 and weakly confined quantum dots 7 have revealed band edge transition rates reaching 10 ns −1 -about two orders of magnitude faster than in strongly confined dots. This fast transition is a consequence of the so-called giant oscillator strength (GOST) effect, predicted for quantum wells 8 and microcrystallites. 4 The GOST effect arises when a strongly interacting exciton is allowed to propagate coherently over a large distance, resulting in a recombination rate which scales proportionally to such a distance. The resulting fast and tunable exciton radiative recombination is, for instance, of interest for high quantum yield emitters or low threshold lasing.
9,10
Excitonic transitions within CB or VB have received comparatively little attention since non-radiative (phonon-or Auger-mediated) recombination or relaxation generally takes place on a much shorter time scale, 2,11-13 posing a serious obstacle to observe emission. However, excitonic intraband and inter-valence-band absorption is relevant for several optical phenomena, including induced absorption in transient absorption spectroscopy, 12, 14, 15 nonlinear optical processes including TPA, where concatenated inter-and intraband transitions often take place, [16] [17] [18] the development of mid-infrared detectors 19 and emitters such as intersubband quantum cascade lasers, as well as photoluminescence and electroluminescence of doped semiconductor nanocrystals.
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The current understanding of exciton intraband transitions largely relies on theoretical models investigating the effect of nanostructure size and shape, 16, [22] [23] [24] [25] neglecting the effect of electron-hole (e-h) interaction. In general, this is a reasonable assumption for strongly confined quantum dots, but it misses significant energetic contributions in nanostructures of higher dimensionality. 26 Even in quantum dots it is important for bound-to-unbound excitations.
27
In this work we study the effect of exciton interaction on inter-and intra-band transition rates of semiconductor nanostructures with different dimensionality. We show that exciton correlation is responsible for the GOST effect in e-h (interband) excitations. However, on electron-electron and hole-hole (intraband) excitations the exciton correlation has the opposite effect -intraband and inter-valence-band transition rates between strongly bound and weakly bound exciton states scale inversely proportional to the size of the nanostructure.
We provide analytical expressions based on effective mass theory for cuboidal nanocrystals, which reveal the dependence of transition rates on the structure dimensions and exciton Bohr radius.
The comprehensive approach to exciton transition rates we provide enables the rational design of radiative processes. 
Results and discussion
Our goal is to derive and analyze transition matrix elements for inter and intraband radiative transitions including exciton interaction within a single-band effective mass model. We consider cuboidal nanostructures as shown in Figure 1 (a), with the length of the weakly confined directions L and that of the strongly confined ones L s . The number of weakly confined directions (N) allows us to establish connections between our structures and quasi N-dimensional nanocrystals. Thus, cuboids with N = 1 relate to nanorods, those with N = 2 to nanoplatelets, and those with N = 3 to bulky nanostructures e.g. large dots. Initially all electrons are in the valence band. Within our formalism this is taken as the vacuum state |0 (no e-h pair, always uncorreleated). Next, a photon excites one electron across the band gap to form an e-h pair, |i , through an interband transition. Subsequent excitations to a final state |f can be of intraband or interband character. For intraband transitions, a second photon (e.g. from a two-photon absorption process) excites the electron within the CB or the hole within its valence subband. Hole excitations between different valence subbands are also possible, e.g. heavy-hole (HH) to light-hole (LH) or split-off hole (SOH) . These are referred to as inter-valence-band The states |i and |f can vary from strongly bound excitons (those near the optical band edge E g ) to unbound excitons (those well above the exciton binding energy, E g + E b in figure 1(b) ). We consider both kind of states. To this end, the envelope function of a general exciton state |m is written as:
Here, N m is the normalization constant and Φ m IP the non-normalized independent particle (IP) envelope function, which we take as a Hartree product of electron and hole particlein-box functions: Φ m IP = α f n e α (α e )f n h α (α h ), with α = x, y, z and f nα = cos (n α π α/L α ) for odd quantum number n α , or f nα = sin (n α π α/L α ) for even n α . Φ 
In the strong correlation limit (a m B ≪ L), the normalization factor can be approximated as:
where β is a constant that depends on the IP quantum numbers (for the ground state 
Interband transitions
With the expressions above we can analyse the interband transition matrix element. Transitions between VB and CB states (e-h transitions) are from the vacuum state |0 to a state |i . The dipole matrix element is proportional to the e-h envelope function overlap:
δ n e x ,n h x δ n e y ,n h y δ n e z ,n h z .
It can bee seen that the only influence of exciton correlation in Eq. (4) is to change N i , since the correlation factor vanishes when r e = r h . In the case of an independent e-h we use N i = N i IP and find that the interband matrix element for allowed transitions is size independent S eh = 1. area. The size insensitivity of interband matrix element in the IP case has been confirmed in strongly confined quantum dots. 31 There the correlation vanishes due to the strong isotropic confinement. In turn, the rapid increase with the NPL area in the correlated case is a manifestation of the GOST effect for strongly interacting excitons in the L ≫ a B regime.
4-8
Another case of interest are inter-VB transitions, where an exciton in state |i changes to an exciton in state |f e.g. by promoting a hole from the HH to the LH or SO subbands.
These are hole-hole transitions, but they are also affected by interactions with electrons. If the transition takes place between two states of noninteracting e-h pairs, the envelope part of the matrix element is simply:
which shows that the transition is only allowed for identical IP quantum numbers (n
f , and independent of the nanocrystal size. To illustrate the effect of e-h interaction,
we also restrict to the case of identical IP quantum numbers, because these are expected to yield the largest matrix elements. For an inter-VB transition between two correlated exciton states, in the limit of a B ≪ L, we obtain (see SI):
while for an inter-VB transition between a correlated exciton state |i and an uncorrelated e-h pair state |f , it becomes:
Eqs. (6) and (7) show no trace of the GOST effect observed for valence-to-conduction band transitions. Equation (6) shows that inter-VB transitions between two correlated exciton states have no explicit size dependence. In fact, for identical correlation (a i B = a f B ) one obtains i|f = 1, so that there is no size dependence at all, as in the IP case. In turn, Eq. (7) reveals that transitions between correlated exciton and noninteracting e-h states not only show no GOST effect, but rather the inverse effect, since an extra a i B /L factor appears in the matrix element. In other words, while exciton interaction makes the e-h interband transition rate (squared matrix element) increase with the NPL area as A/A X , it also makes inter-VB transition rates decrease as A X /A.
Intraband transitions
The general form of the intraband matrix element in our formalism is:
where the linear momentum operator p = p e + p h can act either on electron or hole coordinates. We consider the p e x component (the others behave similarly) and start with the case of transitions between two IP states, as is the case in strongly confined nanostructures. In
IP . Functions' orthogonality restricts the accessible excited states to excitations of the x e function and, in particular, to those having different parity:
with:
where k f = n f π/L. From the denominator in Eq. (10), it is clear that g [n i , n f ], and hence intraband matrix elements, peak at transitions between consecutive states, n i = n f ± 1. We shall see later that this quasi-selection rule has implications for non-linear optical processes.
If we restrict to such transitions, it is easy to see that the matrix element increases with n f , which indicates that transition rates between high-energy levels are faster than those between low-energy ones.
The size dependence of the intraband matrix element depends on the nature of the experiment. If the transition takes place between two fixed levels, |i and |f , the 1/L factor in k f implies that the transition becomes less likely with increasing size. A more common scenario in experiments, however, is that |i is the ground state and |f an excited state -set by the resonance condition with a photon of fixed energy -whose precise quantum number varies with the nanostructure size. In this case it is easy to check numerically that, for large photon energies hν,h 2 k 2 f /2µπ 2 ≈ hν − E g , with µ the exciton reduced mass. It follows that k f ∝ L 0 , and the matrix element is roughly size-independent. This is relevant for high energy transitions, which we will discuss in the next section. If the photon energy is small, instead, the matrix element becomes largest for the L values such that the resonant level fulfills n f ≈ n i ± 1.
We next consider the case of transitions between two correlated exciton states. Here,
corr has even parity in all directions (even quantum numbers n e α and n h α ), and the final state odd parity in the x e direction, the dipole-allowed element is proportional to (see SI):
For a transition from correlated exciton to IP e-h states the matrix element becomes:
Eqs. (9), (11) and (12) are reminiscent of their inter-VB counterparts, Eqs. (5), (6) and (7), respectively. Thus, if initial and final states have a similar degree of exciton correlation, the matrix element is size independent. If the difference is large, however, an inverse GOST effect takes place, which suppresses the transition rate proportional to A x /A. This is especially relevant for the design of quantum cascade lasers with efficient intraband transitions that lead to higher gain. Instead of taking hetero-structures and superlattices of virtually infinite lateral size, column like structures with finite cross-sectional area may allow superior performance.
A qualitative interpretation of our findings on the dimensional scaling so far is as follows:
Radiative transitions between the VB and CB band imply e-h recombination. Compared to the IP case, excitonic interaction keeps the two particles close together and enhances the transition rate, leading to the GOST effect. Intraband and inter-VB processes, by contrast, imply electron-electron or hole-hole transitions. In transitions from correlated to IP states, the strong exciton interaction of the initial state confines the electron in a small region near the hole with area A X , reducing its overlap with the electron wave function of the final state, which is delocalized over the entire NPL area A. This eventually results in the A X /A factor of Eqs. (7) and (12) . If both states are correlated or both uncorrelated, however, the overlap tends to A X /A X or A/A, respectively, so that there is no additional scaling with size. Table 1 summarizes our results for nanostructures with N weakly confined directions for inter, inter-VB and intra band transitions. In general, exciton correlation introduces a different size dependence on inter-and intraband transition matrix elements, transitions between strongly and weakly correlated exciton states become particularly sensitive to the size L of the nanostructure in the weakly confined directions. They benefit from the GOST (interband) and inverse GOST (intraband, inter-VB) effects, which can be used to tailor the transition rates. 
Implications on linear absorption and TPA
In this section we study how our findings above affect the linear absorption at high energies and the TPA processes based on examples for nanoparticle systems. LH and SO continua all contribute to the absorption, as only in this case the HH, LH and SO valence band Bloch functions add up to an isotropic dipole distribution. According to Table 1 , the matrix element i|p α |0 for a continuum transition has an L 0 dependence so that the linear absorption cross section, from first order Fermi's Golden Rule, is
final states, which for a NPL scales with the area A = L 2 (or volume for fixed quantum well thickness) in a (quasi) 2D system. f LF is a geometry dependent local field factor. Therefore the absorption cross section per unit volumeμ i = σ/V = σ/AL s high in the absorption continuum is a universal quantity independent on A. It varies only weakly with f LF for a given semiconductor nanomaterial with the particle shape, 32 and is constant if the nanostructure's shape is maintained and only its size is altered. Comparable arguments hold for nanorod and quantum dot materials, where a similar continuum intrinsic absorption scaling has been observed, [33] [34] [35] as also expected from our model. This is a first demonstration of the validity and impact of our approach.
Next we concentrate on the implications of dimension scaling for two-photon absorption and the near quadratic TPA scaling observed for nanoplatelets. For comparison with experiments, we focus again on CdSe NPLs, but the conclusions are general for quasi-Ndimensional cuboids. We showed in recent experiments that for two-photon energies of 3.1 eV (two photons of 800 nm) the TPA cross-section (σ (2) ) of these nanoplatelets scales almost quadratically with the NPL volume. 28 In sharp contrast to the approximately linear volume scaling reported in quantum dots and dot-based structures, 23, 24, 33, 37, 38 this translates into extraordinarily high σ (2) values (up to over 10 7 GM), making platelet-like nanostructures optimal candidates for two-photon imaging, nonlinear optoelectronics and even two-photon autocorrelation. This raises the question of the origin of this unusual power-law behavior, whether it is a unique property of CdSe NPLs and whether it can be generalized to other systems or dimensionalities. To understand this behavior, we consider the TPA cross section of a particle. It can be evaluated as 39 σ (2) = W T P A /I 2 ph , where I ph the photon flux density and W T P A is the two-photon transition rate at a laser energy hν:
Here we have assumed the initial state |0 as the reference energy, |i an intermediate state and |f the final one. Γ (hν f − 2hν) is a Gaussian function which accounts for the energy resonance condition, considering our laser source is not monochromatic but has a finite bandwidth. In dielectrically heterogeneous media -as colloidal NPLs embedded in organic ligands and solvents -the external field (E ext ) differs from the local field (E) inside the nanoparticle and a local field factor f LF = E/E ext arises such that σ
where I L ph is the local photon flux density. Ref. 28 studied the influence of f LF on σ (2) and concluded it was not enough to explain the drastic variation of TPA crossection with NPL size in the experimental data. Thus, the characteristic behavior of NPLs must arise from the TPA rate, W T P A . We shall focus our analysis on this sole factor.
We start by calculating W T P A in the independent particle (IP) limit. Because experiments use sub-band gap photon energies (hν = 1.55 eV vs. E g ≥ 2.25 eV for our CdSe NPLs), there is no quasi-resonant stationary intermediate state. It must rather be a virtual non-stationary state. We then consider the contribution of a large number of eigenstates |i to such a virtual level in Eq. (13) . For illustration, we assume the TPA process involves an interband transition -forming an electron and a HH-followed by an intraband transition, and compute W T P A numerically with particle-in-the-box envelope functions and energies. The resulting W T P A displays a clear linear dependence with the area, as shown in Fig. 3 (a) . Linear scaling is also obtained considering other IP excitations (e.g. two interband transitions, not shown).
We then conclude an IP model cannot explain the quadratic cross-section scaling observed in the experiments.
At high two-photon energies, however, the resonant state is not necessarily an unbound (IP) e-h pair. It can also be a bound exciton state of an excited (LH, SOH) valence subband.
This point is exemplified in Fig. 2 (a) , which shows the linear absorption spectra of 4. (and later in 14).
Calculations involving correlated exciton ground and excited states in NPLs are extremely demanding, as there are no simple envelope wave functions except for the low-lying states.
29,43
To circumvent this peculiarity, we resort to a more intuitive, qualitative analysis of W T P A based on the size dependences of Table 1 . We consider the four representative types of TPA processes shown in Figure 3 (1), (2) paths (3), (4) (c) (3) and (4). Table 2 shows the size dependence for the matrix elements of the different TPA paths of Fig. 3 (b) , as obtained from Table 1 with k f ∝ L 0 . The latter condition follows from the resonance condition in Eq. (13), since the two-photon energy was fixed for all experimental measurements in Fig. 2 (a) . If TPA takes place through paths (1) or (2), where the final state is an unbound HH exciton, the product of inter and intraband matrix elements leads to a null dependence of the matrix element product on the size, L 0 . A net size dependence of the product of the squared matrix elements can only be obtained, if both intermediate and final states are bound (correlated) excitons, as in paths (3) and (4). Table 2 : Size dependence of transition matrix elements, density of states (DOS) and TPA rate (W T P A ) in cuboidal nanostructures with N weakly confined directions of length L, for different TPA paths, see Fig. 3 (b) .
The next term we need to consider to understand W T P A is the density of states (DOS).
In Eq. (13) with j = e, h, α = x, y, z and m = i, f ). However, selection rules reduce this number. 45 The
see Eq. (4). If the subsequent transition f |H
′ |i is also an interband process, the matrix element gives (n 
Here we have replaced the sum over final states by the joint DOS ρ(hν f ), which in cuboidal nanostructures is determined by the dimensionality N as ρ N D ∝ L N . We have also considered that, as discussed above, for a given final state |f (λ) within the laser bandwidth, there is only one (two, in the case of intraband transitions) relevant intermediate states, |i (λ) . From
Eq. (14), we can extract the net size dependence of W T P A for each path. The result is shown in the last column of (3) and (4), explain the superlinear dependence observed in Fig. 2 (a) ,
If any of the two states lacks correlation, W T P A ∝ A, which agrees with our numerical calculations of Fig. 3 (a) . 46 These results are summarized schematically in Fig. 3 (c) for the different paths (1 -4).
One can argue that in actual NPLs, W T P A will gather contributions from different paths, with both linear (λ = 1, 2) and quadratic (λ = 3, 4) size dependence. Yet, because NPLs have large areas, paths (3) and (4) -scaling with A 2 instead of A-are expected to prevail.
Further, path (1) is unlikely due to the quasi selection rule n i = n f ± 1 imposed by Eq.(10).
Path (2) A further argument for the identification of the A 2 scaling interpretation via paths (3) and (4) comes from k-space resolved two-photon spectroscopy. It has been measured that 85% of the transition dipoles for TPA lie in-plane oriented with respect to the CdSe nanoplatelets.
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Since the Bloch function symmetries of the involved HH, LH, SOH and electron bands and the envelope functions are known, the transition dipole distributions or orientations of the involved inter-and intraband transitions can be calculated from the dipole matrix elements.
As shown there, intraband transitions within a given quantum well subband (e.g. n z = 1)
have 100% in-plane transition dipole orientation. This also holds for HH to CB transitions, while LH and SOH to CB transitions have both in-and out-of-plane dipole components.
Calculating the resulting expected dipole distribution, we obtain 100% in-plane orientation for paths (1) and (2), what excludes them also from likely paths. For paths (3) and (4), instead, 100% in-plane and 66% in-plane orientation are predicted, respectively. If both paths contribute equally, a 83% in plane orientation of the absorption dipoles is expected, which is in good correspondence to the measured 85%. This further supports the interpretation, that (3) and (4) are the most likely paths and responsible for the observed near quadratic area scaling of the TPA cross sections of CdSe nanoplatelets.
We infer from Table 2 that the quadratic size scaling of W T P A is not exclusive of CdSe
NPLs, but can be also found in other nanostructures with at least one (N ≥ 1) weakly confined directions. These implies exceptionally high TPA cross sections can be obtained in quasi-1D, quasi-2D and quasi-3D systems, which are of immediate interest to all two-photon absorber applications, for instance for two-photon pumped lasing, 47 in confocal two-photon microscopy or TPA autocorrelation. We will reason the last example in the following.
Using Boyd 39 and Rumi et al. 48 we compare the efficiency of a standard BBO crystal second harmonic generation (SHG) autocorrelation and that of a dense CdSe platelet TPA medium. For example we consider the autocorrelation of Ti:Sa Lasers with a 100 MHz repetition rate and 100 fs pulses and a typical peak irradiance of 10 GW/cm 2 of a strongly attenuated focussed beam (corresponding to a few mW power). For an interaction length of 10 micron, TPA has a 13% efficiency compared to 5·10 −2 % for a BBO at 800 nm. Even for an extremely short interaction length of 100 nm the TPA autocorrelation exhibits a considerable 0.2% efficiency compared to the vanishing 5·10 −6 % conversion efficiency of a BBO. Hence, TPA autocorrelation with nanoplatelets is far more efficient and allows such ultra short interaction lengths, that phase matching is not relevant any more. This further implies, that there are no relevant restrictions to the spectral bandwidth and pulse width of the signal to be correlated (like in BBOs for instance), since group velocity dispersion and mismatch do not limit the temporal resolution for these short interaction lengths. Hence it allows to measure high bandwidth and ultrashort pulses with superior sensitivity.
Conclusions
Our study has shown that radiative transition rates in semiconductor nanostructures with at least one weakly confined direction are very sensitive to excitonic correlation. If the transition is between strongly bound and weakly or unbound states, a pronounced dependence on the size of the particle is introduced. In particular, intraband and inter-VB transition rates decrease with increasing size. The valence-to-conduction band transition rate can be 
Methods Effective mass model
Electron and hole wave functions are described within a single-band k·p model: |j = |f j |u j , with f j the envelope function and u j the periodic Bloch function. 49 A dipole transition matrix element is then given by:
where we have considered that the radiation-matter interaction Hamiltonian is H ′ = − functions, f i |f f , and intraband ones to f i |p|f f . In the former case, the selection rule implies that |f i and |f f have the same envelope point symmetry. In the latter case, the selection rule is less strict because |f j are not eigenfunctions of p. Yet, the odd parity of the momentum operator implies that intraband transitions can only take place between initial and final states with different envelope function parity. We consider cuboidal nanostructures with infinite confinement potential and the related envelope functions for correlated and uncorrelated (IP) states (Figure 1 (c) ).
Non-linear and linear absorption of CdSe NPLs
By the means of open aperture z-scan 50 and two-photon photoluminescence excitation (2P-PLE) spectroscopy at 800 nm we investigated the TPA cross sections of CdSe NPLs with varying lateral size. 28 The setup and experimental conditions are described in Ref. 28 .
CdSe NPLs with 3.5, 4.5 and 5.5 monolayer (ML) thicknesses were synthesized as described in Refs. 10,51, precipitated with methanol, redispersed in chloroform and inserted in 1 mm fused silica cuvettes for spectroscopy. Lateral sizes varying from 5 × 5 nm 2 to 82 × 22 nm 2 were characterized by transmission electron microscopy. 
